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We consider the Schrodinger operator in W 1 , n > 3, with the electric potential V and 
the magnetic potential A being periodic functions (with a common period lattice) and prove 
absolute continuity of the spectrum of the operator in question under some conditions which, 
in particular, are satisfied if V G ^(R") and A G H?(R n ; E"), q > (n - l)/2. 
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The paper is concerned with the problem of absolute continuity of the spectrum of 
a periodic magnetic Schrodinger operator. Periodic elliptic differential operators arise in 
many areas of mathematical physics. The stationary Schrodinger operator 

(N 

>■ -A + V(x), xeW 1 , (1) 

with a periodic electric potential V plays an important role in the quantum solid state 
£T) ■ theory (see, e.g., [H [2]). We should also mention the periodic Maxwell operator (see 

! [31 IH [5]), the generalized periodic magnetic Schrodinger operator 

O 

£ H — - A/) Gji (-i — -Afi+V, xe R n , (2) 

with the electric potential V and the magnetic potential A, where {Gji} is a positive 
definite matrix function (see [6]), and the periodic Dirac operator (see, e.g., [3 EJ [9] and 
also [TQl E]). The operator (J2J) for A = and V = is also used in studying of periodic 
acoustic media. 

It is well known that the spectra of periodic elliptic operators have a band-gap struc- 
ture. In [12], for the periodic electric potential V G L 1 2 oc (R 3 ), Thomas proved absolute 
continuity of the spectrum of operator ([T|) on L 2 (IR 3 ). In particular, this means that the 
spectrum of operator (pQ) does not contain any eigenvalues, hence the spectral bands do 
not collapse into a point. In [TBI [14"] . it was proved that the singular continuous part is 
missing from the spectra of periodic elliptic operators. Therefore absolute continuity of 
the spectra of these operators is equivalent to the absence of eigenvalues. 
In [J_5], Filonov presented examples of periodic operators 
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in R n , n > 3, whose spectra have eigenvalues (of infinite multiplicity), where {Gji} are 
some positive definite periodic matrix functions which belong to all Holder classes C a , 
a < 1. 

Since eigenfunctions corresponding to eigenvalues are considered as bound states and 
ones that correspond to the absolutely continuous spectrum are interpreted as propagating 
modes, the absolute continuity of the spectrum is physically important property. In the 
last decade many papers were devoted to the problem of absolute continuity of the spectra 
of periodic elliptic operators. The papers [6J, [16J, [TTl [18] contain a survey of relevant results. 

In this paper we consider the periodic Schrodinger operator 

n f) 

H(A,V) = J2(-^-A J ) 2 + V (3) 

acting on L 2 (R n ), n > 2, where the electric potential V : R n — ► R and the magnetic 
potential A : R™ — > R n are periodic functions with a common period lattice A C R n . 

The coordinates in R n are taken relative to an orthogonal basis {£j}. Let K be the 
fundamental domain of the lattice A, {Ej} the basis in the lattice A, A* the reciprocal 
lattice with the basis vectors E* satisfying the conditions (E*, E{) = Sji (where dji is the 
Kronecker delta). 

The scalar products and the norms on the spaces C M , L 2 (R n ; C M ), and L 2 (K; C M ), 
where M G N, are introduced in the usual way (as a rule, omitting the notation for 
the corresponding space). We suppose that the scalar products are linear in the second 
argument. Let H q (R n ; C M ), q > 0, be the Sobolev class, H q (K; C M )the set offunctions 
: K -> C M whose A-periodic extensions belong to H^ oc (M. n ; C M ); H q (K) = H q (K;C). 
In what follows, the functions defined on the fundamental domain K will be also identified 
with their A-periodic extensions to R ra . We let 

(p]\r = v' 1 (K) [ <f>(x) e~ 2m {N ' x) dx , N e A*, 



K 

denote the Fourier coefficients of the functions 4> G L 1 (ii';C M ), v(.) is the Lebesgue 
measure on R n . 

Let ||.|| p be the norm on the space L P (K), p > 1. Denote by L^K) the space of 
measurable functions W : K — > C which satisfy the condition 

\\W\\ P)W = sup t (v({x G K : |W(a;)| > t])) 1,p < +oo . 
t >o 

For W G L^(K), we also write 

\\W\\^2 =^mrt(v({xeK:\W(x)\>t})) 1 /V; 

t — > +oo 

Ll, (K) = {WeLUK):\\W\\t2=0}. 

In the following, we assume that the form (0, V<p), <fi G iY 1 (R n ), has a bound less than 
1 relative to the form ||^"|| 2 ; 4> e -f^ 1 (R n ), (in particular, it is true if V G Lw 2 {K) and 

3 X] 

' " ' is sufficiently small) and for the magnetic potential A the estimate 



n/2, w 
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holds for any e > 0, where C e = C e (n; A) > 0. Under these conditions the quadratic form 

n Pi 

W(A 7 V; <j>A) = Y, II H a^T - AMI 2 + ^ ^) ' ^ G ^( Rn ) > 

3=1 j 

with the domain QiW) = // 1 (R n ) C L 2 (M. n ) is closed and semi-bounded from be- 
low. Therefore the form W generates the self-adjoint operator Q with some domain 

D(H(A,V)) C H\W n ). 

The problem of absolute continuity of the spectra of two-dimensional periodic 
Schrodinger operators (J2J) and (J3J) has been thoroughly studied (see [191 1201 1211 1221 1231 
(2H23 [201 [23 I2H1 123 E0]) and optimal conditions on the electric potential V and the 
magnetic potential A have already been obtained. In particular, for the two-dimensional 
operator absolute continuity of the spectrum was proved if the form (<f>,V<p) has a 
zero bound relative to the form ^ ||J!^"|| 2 > $ ^ H 1 (M?), and for the magnetic potential A, 

estimate PJ holds for all e > (see [2H] and also [30]). In [2], the results of the paper [T2] 
were generalized on n-dimensional Schrodinger operators (pQ) with the periodic potentials 
V for which V G Ll c (R n ), n = 2,3, and 5] \V N \ q < +oo, 1 < q < (n - \)/{n - 2) , 

JV g A* 

n > 4. For n > 3, absolute continuity of the spectrum of the Schrodinger operator (|2D 
was established by Sobolev (see [31]) for the periodic potentials V G L P (K), p > n — 1, 
and A e C 2n+3 (lR n ; lR n ). These conditions on the potentials V and A (for n > 3) were 
relaxed in subsequent papers. In [6], it was supposed that V G V^\(K) for n = 3,4 
and U G L"~q (K) for n > 5. In [TTJ [32], the constraint on the magnetic potential A 
was relaxed up to A G H^ oc (R n ; W 1 ), 2q > 3n - 2. In [331 [31], for the magnetic po- 
tential A G C^R";^) it was assumed that either A G H? oc (R n ; R n ), 2q > n - 2, or 
E ll^jvllc- < +cxd, and V G L^(X), < C, where p = n/2 for n = 3, 4, 5, 6 and 

p = n — 3 for n > 7, C = C'(n, A; A) > 0. The absolute continuity of the spectrum of 
the Schrodinger operator with the periodic potential V G Lw 2 (K) for which HVU^^ is 
sufficiently small was proved in [35] for all n > 3 (and for A = 0). The periodic electric 
potentials V from the Kato class and from the Morrey class were also considered in [24] 
and [30], respectively. For n > 3, the periodic Schrodinger operator ([3]) and its generaliza- 
tion (J2D were also considered in [33 ES M, M, E] • In [23 [33 130], for n > 3 and A = 0, 
the optimal conditions on the periodic electric potential V were approached in terms of 
standard functional spaces (but it is believed that the known conditions on the periodic 
magnetic potential A are not optimal for n > 3). In Theorem 10.11 we relax conditions on 
the periodic potentials V and A. 

If the periodic Schrodinger operator ([3]) has the period lattice A = Z n , n > 3, and is 
invariant under the substitution x\ — > —x\ , then its spectrum is absolutely continuous 
under the conditions A G Lf oc (M n ; M n ), q > n, and V G ti£(R n ) (see [12]). 

For the vectors x G M n \{0} we shall use the notation 

S n -2{x) = {e G S n -! : (e, x) = 0} , 

where S n _i = {y G W 1 : |y| = 1}. 

Let B(R) be the collection of Borel subsets O C R, 2Jt the set of even signed Borel 
measures /x : z5(R) — > R, 

||^||= sup (|/i(C)| + |ii(R\C)|) < +oo, neWl. 
o e B(R) 
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Denote by 9Jlh , h > 0, the set of measures E 9JI such that 

J e ipt d/i(t) = 1 

k 

for all p £ (—h,h). In particular, the set 971^ contains the Dirac measure 5(.). 
The following theorem is the main result of this paper. 

Theorem 0.1. Let n > 3 and let A : R n — ► M n fre a periodic function with a period lattice 
A C lR n . Fix a vector 7 £ A\{0}. Suppose that the magnetic potential A £ L 2 (i\~;R n ) 
satisfies the following two conditions: 
(Ax) the map 

r9^{[0,l]9^ A(x - £7)} G £ 2 ([0, 1]; K n ) 

continuous; 

(A 2 ) there is a measure jj, £ 971^ , /i > 0, stzc/i i/iai 

1 

9(A, 7, /t, //; A) = — max max \ A — [ djj,(t) [ A(x — £7 — te) <i£ I < 1, (5) 

7T zGK™ e€S n _ 2 (7) J J 

R 

where Aq = v^ 1 (K) J A(x) dx (and \.\ denotes the Euclidean norm on R n ). 

K 

Then there exists a number C = C(n,A;A) > such that for all electric potentials 
V — V1 + V2, where V\ £ L%/ 2 (K;M.) and V2 £ are A-periodic functions for 

which 

\\Vi\& >w < C (6) 

and 

1 

ess sup / \Vi(x — £7)1 cf£ < +00 , (7) 


i/ie spectrum of the periodic Schrodinger operator ([3D absolutely continuous. 
Theorem 10.11 is proved in Section 1. 

Remark 1. Under the conditions of Theorem 10.11 the number C = C(n,A;A) in 
inequality (j5D is chosen sufficiently small so that the form (0, V\4>) has a bound less than 
1 relative to the form ' $ G iJ 1 (M ri ). Furthermore, from (J7J) it follows that the 

form (0, V20) has a zero bound relative to the form ||J^f-|| , and the condition (Ai) 

5 3 

implies that inequality (jlj) holds for all e > 0. Hence the periodic Schrodinger operator 
d2J) is generated by the quadratic form W(j4, V; <f>, 0), £ iJ 1 (IR n ), which is closed and 
semi-bounded from below. 

Remark 2. Instead of condition ([S]) one can admit the weakened condition 

lim sup -sup- t (v({y £ B r (x) : \Vy{y)\ > t})) 2/n < C 
r-*+o 

(with another constant C = C(n, A; A) > 0), where B r (x) = {y £ M n : \x — y\ < r} is a 
closed ball of radius r > centered at x £ M n . 
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Remark 3. For the periodic magnetic potential A the condition (A 2 ) is fulfilled 
(under an appropriate choice of the vector 7 G A\{0} and the measure /i G Wlh , h > 0) if 
A G H q (K; R n ), 2g > n-2 (see PUSS]). If 2g > n-1, then the condition (A x ) is fulfilled 
as well. For the choice of the Dirac measure \i — 6 in the condition (A 2 ), inequality ([5]) is 
valid whenever 

[|v4jv||c» < -pr • (8) 

A r eA*\{0}:(A r ,7) = 

Moreover, inequality ([H]) holds under an appropriate choice of the vector 7 G A\{0} if 

J2 \\A N \\ C n < +00 (see HUES]). 
at e A* 

The proof of Theorem 10.11 follows the method suggested by Thomas in [12j . In this 
paper we apply estimates for the periodic electric potential V\ G Lw 2 (K\ R) (see ( TTBl and 
Theorem 11.2ft which are derived as a consequence of the Tomas - Stein inequality for the 
restriction of the Fourier transform to the unit sphere (see a survey on such estimates 
in [13,111]). Besides, the estimates are obtained for L 2 -norms (unlike [22]) so this allows 
us to study the Schrodinger operator ([3]) with the magnetic potential A. For the proof 
of Theorem 10.11 we also apply assertions for the periodic magnetic Dirac operator (see 
Theorem 13. ip proved in [l5l 06] . 

The proof of Theorem 10.11 is presented in Section 1. Theorem 11.21 and Theorem 11.31 
from Section 1 are proved in Section 2 and Section 3, respectively. 

In the paper we use the notation C (with subscripts and superscripts or without them) 
for constants which are not necessarily the same at each occurrence but we shall explicitely 
indicate on what these constants depend. 



1 Proof of Theorem 10.11 

For k G IT, e G S n -! , and x G R, let 

n d d 

W{A\ k + ixe; ip, <p) = ^](( — i ~q Aj + kj — ixej)ip, {—i — Aj + kj + ixej)<p) 

j = i 3 3 

be a sesquilinear form with the domain Q(W(A; k + ixe; ., .)) = H 1 ^) C L 2 (K). Under 
the conditions imposed on the potentials A and V, the quadratic form (0, V<p) has a 
bound less than 1 relative to the forms W(0; k; <f>, 0), k G R n , G H l (K). Therefore, 

W(A, V;k + ixe; ijj, 0) = W(A; k + ixe; ip, 0) + (ip, 1/0) , V, e H\K) , 

is a closed sectorial sesquilinear form generating an m-sectorial operator H(A; k + ixe) + V 
(with the domain D(H(A; k + ixe) + V) C H l (K) C L 2 (K) independent of the complex 
vector k + ixe G C n ). If A G C^R 71 ; R"), then 

if (A; /c + ixe) = ^^(~ i ^ Aj + kj + ixej) 

j=l 3 

and D(H(A; k + ixe)) = H 2 (K). The operators H(A; k) + V (for x = 0) are self-adjoint 
and have compact resolvent. This implies that they have a discrete spectrum. For fixed 
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vectors fcel" and e G 5 n _i , the operators if (A; k + (e) + V, ( G C, form a self-adjoint 
analytic family of type (£?) (see |Ej). 

The operator H(A, V) is unitarily equivalent to the direct integral 

where K* is the fundamental domain of the lattice A*. The unitary equivalence is es- 
tablished via the Gel'fand transformation (see [Bl ES])- Let \j(k), j G N, be the eigen- 
values of the operators H(A; k) + V arranged in non- decreasing order with the multi- 
plicity. The spectrum of the operator H(A; V) has a band-gap structure and consists 
of the union of the ranges {\j(k) : k G 2nK*} of the band functions \j(k), j G N, 
which are continuous and piecewise analytic. The singular spectrum of the operator 
(|3j) is empty (see [131 EH] an d for an elementary proof of this fact also see (HI H9] ) 
and if A G R is an eigenvalue of the operator H(A,V), then the decomposition of the 
operator H (A, V) into the direct integral (jUJ) implies that the number A is an eigen- 
value of the operators H(A; k) + V for a positive measure set of vectors k G 2ttK* (i.e. 
v({k G 2ttK* : Xj(k) = A}) > for some j G N). Therefore, by analytic Fredholm 
theorem, it follows that the number A is an eigenvalue of the operators H(A; k + ixe) + V 
for all k + ixe G C n (see [T3"j [18]). Hence, to prove absolute continuity of the spectrum 
of operator Q, it suffices for any A G R to find vectors k G R n , e G S n -\ and a number 
x > such that the number A is not an eigenvalue of the operator H (A; k + zxe) + V. 
Since the operators H(A; k + ixe) + V are generated by the forms W{A, V;k + ixe; ■?/>, 0), 
ip,(p E H\K) (i.e. (Vs(#(A;£; + ixe)+F)0) = 1/; fc + ixe; ^, 0) for all ip G tf 1 ^) 

and G D(H(A; k + ixe) + V) C H l (K)), we conclude that Theorem 10.11 follows from 
Theorem 11.11 in which for a given vector 7 G A\{0} (in particular) it is proved that for 
any A G R the operators H(A; k + ix\ / -f\~ 1/ -f) + V — A are invertable for all vectors k G R n 
with |(fc, 7)| = 7r, and all sufficiently large numbers x > (dependent on A G R). 

Fix a vector 7 G A\{0}; e = |7| _1 7 G S n -\ . For vectors 2 G R n we write x\\ = (x, e), 
x± = x — (x, e)e. For all N G A*, k G R n , and x > 0, introduce the notation 

G± = G%(k + iHe) = (|A;||+27rAr||| 2 + (x±|A; ± + 27rA^ ± |) 2 ) 1/2 . 
If |(fc, 7)| = 7r, then > 7T | | ~ 1 , > x, and G^G^ > 27i\ r y\~ 1 x. The equality 

H(0;k + ixe)<f)= ^ (fc + 2nN + ixe) 2 (j) N e 2 ™ (JV ' x) , (f) e H 2 (K) , 

NeA* 

holds, where |(fc + 27rA/" + ixe) 2 | = G^G^ . Denote by L = L(k + ixe) the nonnegative 
operator on L 2 (K): 

U = J2 G+G^fae 2 **^ , G D(L) = H 2 (K) . 
For the operator L 1 ^ 2 , one has Z)(L 1//2 ) = H l (K). 

Theorem 1.1. Let n > 3. Suppose the periodic magnetic potential A : R n — > R n u>i£/j 
t/te period lattice AcR™ satisfies the conditions (Ax) and (A 2 ) of Theorem \U.l\ and the 
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function V 2 G L 1 (i^;M) obeys condition (j7|) for the fixed vector 7 G A\{0}. Taen t/iere 
exist numbers C = C (n, A; A) > and C = C'(n, A; A) > such that for any function 

Vi G Liw 2 {K] R) wift ll^ill^u, — C; one? any A 6 t taere zs a number xq > such that 

for all x > xq , all vectors k G M. n with \(k,j)\ = tt, and all functions G H l (K) the 
inequality 

sup \W(A,V l + V 2 - \;h + ixe;ip,<p)\ > C \\L 1/2 (k + ixe)0|| 

ipeHi-iK) : \\L 1 / 2 (k+ix:e)ilj\\ < 1 

holds. 

Theorem 11.11 is a consequence of Theorems 11.21 and 11.31 and Lemma 11.11 

Theorem 1.2. Let n > 3. Suppose a A-periodic function W : M n — > K. belongs to the 
space V^(K), 7 G A\{0} (and e = | | ~ 1 ^y ) . Then there are numbers C = C{n) > and 
xq > such that for all x > xq , all vectors k G M. n with \(k, 7)! = 7T, and a// functions 
(f) G if 1 (IT) the inequality 

IWH < a||W|U,^ ||2 1/2 (fc + ^e)0|| 

is fulfilled. 

For A-periodic functions V : M n — > K from the space L P (K), p = 1,2, and for the fixed 
vector 7 G A\{0} we write 

1 

|| V || p , 7 = ess sup ( / |V(a; - Ct)T^ 


Theorem 1.3. Let n > 3 ; a > 0, G [0, 1). Suppose the periodic magnetic potential 
A : IR n — > M. n with the period lattice A C IR n satisfies the conditions (Ax) and (A2) of 
Theorem 10.11 for the fixed vector 7 G A\{0} (e = |7| _1 7) and, moreover, \\ \A\ ||2 )7 < a 
and 0(A, 7, /1, //; A) < 6. Taen there exist numbers C\ = Ci(n, A, I7I, h, ||//||; 0, O) > 
and xq > such that for all x > x , all vectors k G M" itnta |(fc, 7)) = ir, and all functions 
(f) G H 1 ^) the estimate 

sup \W(A;k + ixe;ilj } (j))\ > G x \\L 1/2 (k + ixe)(f)\\ (10) 

■ip G H 1 ^) : \\L 1 / 2 (k+ixe)ip\\ < 1 

holds. 

Lemma 1.1. Let n > 2. Suppose a A-periodic function V : R n — > M belongs to the space 
L 2 (K) (and ||V||2, 7 < +00, where 7 G A\{0}; e = |7| _1 7)- Then for any e > iaere 
zs a constant C e = C e (n, \ > such that for all vectors k G W 1 and a// functions 
4> G H 1 ^) the inequality 

||V0|| < ||V|| 2)7 (W/ 2 (i<:)( £ |A; | |+2 7 riV||| 2 ||^|| 2 y /2 + C £ ||0|| 

ao/ds. 
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Lemma 11.11 immediately follows from simple estimates for functions from the Sobolev 
class H{ oc {m) (see, e.g., §0\). 

Proof of Theorem 11.11 If a A-periodic function W : M. n — > R belongs to the space 
), then the inequality 



' oo/Tnm\ 



II W0|| < || W|U ||0|| < (p-) || W|U ||L 1/2 (A; + zxe)0|| (11) 

is fulfilled for all x > 0, all vectors fceR" with |(fc, 7)| = it, and all functions G i7 1 (iT). 
By Theorem 11.21 and estimate ([IT]) , it follows that for a function W G L^(i^) and for any 
e > (assuming the number Xo > to be sufficiently large) the inequality 

||W0|| <5(, 2 + (||W||S) 2 ) 1/2 ||L^(A; + W e)0|| (12) 

holds for all x > Xo, all vectors G M n with |(fc, 7)] = vr, and all functions £ H l (K). 
Denoting W = v^j we have W G and ||W||K = (H^ft Hence from 

( TT2|) (for all x > x , all vectors fcel" with | (k, 7) | = 7r, and all functions tp, G H l (K)) 
we get 

1(^0)1 < 5 2 (e 2 + H^illi^J HL^^ + zxe)^!! • HL^Cfc + ixeMI . (13) 



By Lemma 11.11 for any e > there is a sufficiently large number x > such that the 
estimate 

|(V>, (V 2 - A)0)| < e 2 ||V 2 - A|| 1>7 \\L l / 2 {k + zxe)^|| • \\L 1,2 (k + ixe)0|| (14) 

is also valid for all A G M, all x > xo , all vectors k G W 1 with \{k, 7)! = 7r, and all 
functions if),<f> G H 1 ^). Now, Theorem 11.11 is a direct consequence of Theorem 11.31 and 

estimates (fT3"j) and (fT41) . Furthemore, we can choose any positive number C < v/2 

and put C" = | Ci , where C and C*i are constants from Theorems 11.21 and 11.31 This 
completes the proof. 

Remark 4. For the vector 7 G A\{0} denote by 7 = 7(7) the vector of the lattice A 
such that 7 = tj, t > 0, and T7 ^ A for all r G (0, t). Let [0,1] be the set of signed Borel 
measures defined on Borel subsets of the closed interval [0, 1], and let lR ra 3 x — > /i(x; .) G 
2Jt[o,i] be a weakly measurable and A-periodic measure- valued function such that 

1 1 

J f^ + r) f i(x + rr,dO = J m)»(x;d$ 

for all x G MJ 1 , r G K. and all periodic functions / G C(M.) with the period T = 1, 

1 



I! 



2) m(/i) = ess sup / |/x(x; d£)\ < +00 

J 



where |/x(x; .)| is the variation of the measure n(x; .), x G W 1 . Introduce the sesquilinear 
form 

1 

M(i/>,<f>) = J dx J i;{x-tf)<f>(x-tf)n{x;d£), ^ , G H\K) . (15) 

K 
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For any e > 0, there is a number x > such that for all A G K, all x > x , all vectors 
G 1R™ with | (A;, 7)| = tt, and all functions ■0, G H l (K) (by analogy with inequality 
(HD) we get 

|<M(V>, 0) - A(V>, 0)1 < £ 2 C(/i, A) HL 1 / 2 ^ + z'xe)^|| • ||£ 1/2 (fc + ixe)<j>\\ , (16) 

where C(/i, A) = m(/i) + |A|. Consequently, under the conditions of Theorem II .1[ instead 
of the form (ip, V<i$) determined by the function Vi we can deal with the form A4(ip, 0), 
if), 4> G H l (K), determined by the periodic measure-valued function M n 3 x — > /i(x; .). 
Another conditions on the form (fl5l) . for which inequalities (fl6l) are fulfilled (for all e > 
and in the case where x > xo, |(&,7)| = vr) with some constants C(/i, A) > 0, can be 
found (for n > 3) in [38] . 



2 Proof of Theorem [T21 

Let S n _ 2 [x] = {2' G R n_1 : |a;'| = x}, x > 0, ri > 3, and let cr„_ 2 be the (invariant) 
surface measure on the sphere S' n _ 2 [x]; 5 , n _ 2 = 5' n _ 2 [l]. Define the numbers p = p(n) = 
(2n)/(n + 2) and q = q{n) = (2n)/ (n — 2) ; 1/p + 1/g = 1. For all functions T from the 
Schwartz space iS(lR n_1 ), the following Tomas — Stein estimate is valid: 

H^llL2(5„_ 2 ;d CT « 2 ) ^ CII-^IU^K"- 1 ) ( 17 ) 

(see [SH [52], and for n = 3 also see [53J), where C = C{n) > and 

£(*0 = ^=r / H^)e- i{k '' x,) dx', k'e 



on— 1 



denotes the Fourier transform of the function T . Estimate ({TTj) is a key point in the proof 
of Theorem 11.21 
Let 

3 

= {k' G M n-1 : x- a < |Jfe'| < x+a}, x>0, 0<a<-x. 

-2 



For functions w G L 2 (Ca ), we shall use the notation 

u(x')= / u(k')e^ k '' x 'Uk', x' G 



nn—1 



-(n-1) 

We have u G C°°(R n-1 ) n L^R™ -1 ) for all s G [2, +00]. 
Lemma 2.1. For any function u G L 2 (£i n_1 ' ) ) ; i/ie estimate 

||w||z,9(R"-i) < Ci a 1/2 x 1/9 ||w|| L2(/; ^-i) ) 
holds, where C\ — C\{n) > 0. 
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Proof. By (HTJ), for all x > and all T G 5(M n - 1 ), we get 

1/2 



Using ([18]) one immediately derives 



(18) 



1/2 



\F\ 2 dk' 

where Ci = C^fn) > 0. Therefore 



2 

n-2 



-(n-l) 



dx J \F\ 2 do-, 



1/2 



u(a;') J-(x') dx' 



(2tt)' 



n-1 



uT dk' 



< 



-(n— 1) 



(27rr- 1 || M || L2(£ („- 1)) ||^|| L2(£ („- 1)) < (2 7 rr- 1 C 2 a 1 / 2 x 1 ^ 



and 



sup 

^65(tt»-i): 11^11^(^-1)= 1 

where Ci = (2 7 r) n - 1 C 2 . 



u(x') Fix ) <ix' 



I u IIl2(4»-D) 



□ 



Let £ n_1 (e) = {i G I" : (x, e) = 0}. For vectors x G R™ we write x = (xu,x±), where 
x\\ = (x,e) G R, x± = x — (x,e)e G £ n_1 (e), e = |7| _1 7. For functions JF G <S(R n ), let us 
define the norms 



II^II^K 



Il^((^|| ) -))IIL(£»-He)) 



1/2 



zm el 



Denote 



/C = {A; G R n : |x- \ki_W < a, \k\\\ < a} 



For functions u G L 2 (/C a ), we shall use the notation 



u{x\\ 



k±) = J u(k)e ik ^ dk\\, x\\ER, ke 



Then 



//(./•): i u(x\\, k±) e t ( k± ' x± ') dk± 

£™- 1 (e) 



X G 
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Lemma 2.2. For all functions u G L 2 (JC a ), the estimate 

<- n n l/2+l/n .A/2-X/n II. .11 

zs fa/id, where C 3 = C 3 (n) > 0. 
Proof. From Lemma 12.11 it follows that 

ll"(( a; ||>0)IU«(^-i(e)) < C/ ||w(»||> OIU 2 ^- 1 ^)) 
for all xii G R, where C[ = C\ a 1 ' 2 * 1 '*. Therefore the following estimates hold: 

1/2 



u\\rfLl (R«) = / ||w((»||, 0)11 W(£«-He)) ^11 ^ ( 19 ) 



C/ ( / ||«(xii, 0llz,2(-£n-if e )) dxii J = C[ ( / / | 2 c?A;_l dx 



1/2 / r r \ 1/2 

£»-i(e) K 

C ( f f \ V 2 Ql 



2tt \ J J V V2tt 



I^IU°°i^(Rn) = (20) 



eSS SUp ||M((X||, 0)l|M(£"-l(e)) < C{ eSS SUp \\u(x\\, .)||i2(£n-i(e)) 

xii eR xii el 



a 2 

C/ ess sup ( / f u(k)e lk w x Uk\\ dk ± ) 

x«£R \ J J J 



1/2 

< 



£™- 1 (e) 

Ci'(2a) 1/2 ( / ( / l«(*)l 8 d*ll) rf ^) 1/2 = ^i'(2a) 1/2 \Hu>0c.y 

£"- x (e) R 

Since the inequality 

\\f\\»m < ii/ii^r) ii/ii;4) 

is valid for all functions / G L 2 (M) fl L°°(E), from (TT9l) and (1201) we obtain the estimate 

< (||«||^«c«-)) a/9 (II«II^10»*)) ^ - ^a^+^x^-V-i^n^^, 
where C 3 = C 3 (n) = Ci 2 1/n (27r)- 1 / 2+1 / n . □ 
For a fixed vector fcel" (and for < a < | x), define the sets 

/C a ={JVGA*:H 27riV G £ a } . 



Let diam.fr* be diameter of the fundamental domain K*. For any set CCA*, let us 
denote H{C) = {<p G L 2 (K) : <j) N = for N G A*\C}, W(0) = {0}, W(A*) = L 2 (fsT). 
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Lemma 2.3. Let x > 4it diam K* and let 7rdiami^* < a < x/2. Then for any function 
T G H(JC a ) the inequality 

\\T\\ ^ n „ l/2+l/n „l/2-l/n II -77II /01 \ 

holds, where C 4 = C±{n) > 0. 

Proof. Denote by C the linear transformation on the space W 1 such that CEj = £j , 
j = 1, . . . , n (where {£7} is the fixed orthogonal basis in R n ). Then also (C~ l )*Ei = E\ , 
/ = 1, . . . ,n, and | det£ | = v^^K) = v(K*) (here {Ej} and {E*} are the bases in the 
lattices A and A*, respectively, (E*,Ei) = Sji). Let H be the set of functions uj G 5(M n ) 

such that uj G C °°(M n ), > for all k G W 1 , u)(k) = if |%| > § for some index 

j G {1, . . . ,n}, and 

r u 2 (k)dk = (2vr) n / |cj(x)| 2 cfe = 1. 



For functions uj G S, we define the functions Q(x) = uj(2n£x), x G W 1 . One has 



Consequently, 



= ^ (22) 



and 

fi(fc) h(k - 2vriV) = , fceK", (23) 
for all A" G A*\{0}. We write b = 7rdiamiY*. The estimate a + b < | x holds. Since 

OF(fc) = ^ n(ife - 27rA^) , kr, 

the equality ttj-'(k) = is fulfilled in the case where k — k£ M. n \ IC a+ b . Hence, by Lemma 

H^IU^n) < C 3 a^/» x i/2-i/« ||aF|| L2(fe+ ^ +b) . (24) 
Furthermore fsee (1221), (|23D). 



||OF|| 



L 2 (fc+/C a+i) ) 



J 7\r r- v~ 



Ne/Ca 



2 



dk = (25) 



( j h 2 {k)dk) Yl i^i 2 = or 7 !-? 7 ! 

\ y / AT c r 



£3 (JO • 



On the other hand, 

||OF|| L8W < ||aF||x<(R») (26) 
and since one can pick an arbitrary function u G H, it is not hard to obtain the estimate 

II^Hg = ll-^IU^iO < C 5 sup ||fiJF|| L9(ii -) , (27) 



we; 



where C5 = 65(71) > 0. Finally, estimate (J2T|) with the constant C4 = C3C5 follows from 
<m, (J25]), (J26D, and fl2H). □ 
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Lemma 2.4. Let x > AirdiamK* and let 7rdiami^* < a < x/2. Then for any e > 
there is a constant C(n,e) > such that for all functions W G L^(K) and <ft G 7^(A^ a ) 
the inequality 



e 

X ' 



||W0|| < C(n,e) a^+^x 1 / 2 - 1 /™ IZ\ \\W\\ n , w \\<f>\\ (28) 
holds. 

Proof. We may assume that e < min {^^p , \ }■ Define the numbers e\ = 8e/(n — 2) G 
(0, 1), e 2 = 4e G (0, 1), and let <p G H(JC a ). For functions Vi G L 2 (iT) and V 2 G L°°(K), 
the following estimates are valid: 

l|Vi0|| < ||Vi|| 2 ||0||oc < ||Vi|| 2 ( \M) ^ ( 29 ) 

( \ 1/2 / \ 1/2 

where C*6 = C^n) > 0, and 

||V 2 0|| < ||V 2 ||oo||0|| (30) 

(here |.|| = ||.|| 2 = H-Hl 2 ^))- On the other hand, using Lemma for functions V G 
L n (K), we derive 

l|V0|| < \\v\\ n U\\ q < Ca'/^^-^wviuuw. (31) 

Now, pick the numbers n\ G (2, n) and n 2 G (n, +00) such that 

1 £1 1 — £1 1 1 — £ 2 
rii 2 n ' n 2 n 

For functions Wj G L n -? (K), j = 1,2, from estimates fl29|) and fl3Tj) for j = 1, and estimates 
f l30|) and fl3TT) for j = 2, with the help of interpolation (expressing functions Wj as sums 
of 'large' and 'small' ones (see, e.g., [SUE)])), we obtain 

||VM| < 2(aax(™- 2 )/ 2 ) £l (C 4 a 1 / 2+1 /"x 1 / 2 - 1 / n ) 1 ^ 1 ||W 1 |U 1 ||0||, (32) 
< 2 (^a^+^x 1 / 2 - 1 ^)^ ||w 2 || n2 H0II j (33) 

respectively. Again applying the interpolation (expressing functions W G L^(K) as sums 
of 'large' functions Wi G L ni (K) and 'small' functions W 2 G L n2 (K) (see [5UE5] and also 
[56])). from fl32|) and fl33|) . we derive estimate fl28|) with some constant C(n,e) > 0. □ 

Define the operators 

G±<p = G±{k + ixe)<j) = G±{k + i>€e)<j) N e 2niiN > x) , 

Ne A* 

G D(G±) = H l {K) c L 2 (K) . 
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We have L = G + G- . Since the vector fc 6 R" is assumed to satisfy the condition 
|(fc,7)| = 7r, we get G^(k + ixe) > G^(k + ixe) > vr^p 1 for all x > and all N G A*. 
Hence for all ( G C, we can also define the operators 



Gi(j> = Gi{k + zxe)0 = (°N( k + i™)) ? <p N e 



2m (N,x) 

iVe A* 



G rxr^-f H Re HK) if ReC>0, 



Given x > max {8,47rdiami^*}, we choose the numbers h G [2,4) and I G N\{1} 
such that h = x/2. Let m G N be the smallest number for which h m > 7rdiami^* (then 
m < I). Denote 

JC(m) = {N G A* : G N {k + ixe) < h m } , 
/C(j) = {N G A* : /i^ 1 < G N (k + ixe) < h j } , j = m + 1, . . . , I , 

j = m 

The following estimates are valid: 




n ,, ,, . 



<i|G^0||, 0GW(/C(m)), (34) 

^ O '- 1)/2 ||0|| < ||G V2 0||, 4>eH{K(j)), j = m + l,...,l. (35) 
For functions G TC(JC), define the functions 

0. = £ ^e^M, J = m,...,L 
jve/c(j) 

i 

We have 0j G H(JC(j)), j = m, . . . ,1, and = <pj . 

j = m 

Using Lemma EH and estimates ([34]) and (jH5|) . for all e G (0, -), we deduce that 
i i 

||W0|| < H™M ^ C ^ £ ) HW|k« X 1 / 2 - 1 /— £ Ma/*-l/»-e) 110,11 < (36) 

j = m j = m 

C(n,e) \\W\\ n , w x 1 / 2 - 1 /— x 

^md/2+l/n-,) ||gl/2 0m || + ^ ^(1/2+1/n-e) ||gV 2 0.||^ 

C(n,£) HWlU^x^x 

(, !— m— 1 \ 

^/vt /im(1/2+1/n _ e)x _ 1/n+£|| gi /2 ^ || + 2 ^ 1/n+£/il/2 ^2 h-^/^wd^^wy 

Now, let £ = £~ . Then (I36I) implies that there is a number x > such that for all 
x > x , all vectors k G W 1 with |(fc, 7)| = vr, and all functions G H.{JC), the inequality 

||W0|| < ^ ||W|| n>M x 1 / 2 ||G V2 0|| < ||W|| n ,™ HL 1 / 2 ^ + zxe)0|| (37) 



< 
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holds, where C x = C x (n) = 4C(n, (1 - 2- 1 '^)- 1 . On the other hand, for all G 
F^if) and all k G R n , we have 

c ^eik^-^wi 2 j +^11011 j, (38) 

where C 2 = C 2 (n) > and C 3 = C 3 (n,A) > (see [5E] and also [SSI El]). Since 
G N (k + ixe) >\\k + 2vriV| and, consequently, G^G N >\\k + 2ixN\ 2 for all JV G A*\ /C, 
from (|38i) it follows that there exists a number xo > such that for all x > xo , all vectors 
fcGl" with | (A;, 7) | = 7T, and all functions G if 1 (IT) n ^( A *\^)> the inequality 

||W0|| < 2C 2 \\W\\ n , w \\L 1 / 2 (k + i>ce) ( p\\ (39) 

is valid. Now, Theorem 11.21 directly follows from (|371) and (1391) . 



3 Proof of Theorem fT73l 

Without loss of generality we shall assume that Aq = 0. 

Let T be a nonnegative function from the Schwartz space 5 (M ra ) such that J dx 

1 and the Fourier transform has a compact support; jF r (a;) = r n jF(rx), r > 0, 2 G M 
For r > 0, we use the notation 



A (0) (x) = y A(z-y).F r (y)dj/, xG 



The function : R n -> M n is a trigonometric polynomial with the period lattice A C M n , 
Aq '' = 0. Furthermore, the function A^> obeys the condition (A 2 ) of Theorem 10.11 and, 
moreover, 

II |^ (0) | || 2l7 < || \A\ || 2)7 < a, 6{A,-y,n,h;A®) < 8(A,j,fi,h; A) < 0. 

For any e > 0, taking the number r > to be sufficiently large, we can also suppose that 
for the function A^ = A — A^ , the estimate 

II |^4 (1) | || 2|7 < e|| \A\ || 2)7 (40) 
holds (see, e.g., [131 145] ). Besides, the condition (Ax) is fulfilled for the function A^ 1 ' (and 

Since the condition (Ax) implies inequalities Q for the functions A and A^, we get 

n 

W(A; k + ixe; tfj, 0) = W(A {0) ; k + ixe; ip, 0) + 2 (^fV, ^fV) - (41) 

i = i 

n d n d 

E (4 1 V, H + *i + iKe M) - E (H ^: + h i - iKe M, A f^> + 

j =x 3 j=x J 

n 

Y,{Af^,Af<j>), MefriK) 
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for all k E W 1 and all x > 0. For any measurable function e* : K — > £>„_! and for all 
x > 0, all fc G R n , and all G H\K) 



dx < 



(42) 



,- .7=1 



<9 



)0| 2 dx = v{K) \k + 2irN\ 2 \(f) N \ 2 < \\G + (k + txe) 

- K 3 = 1 ■> NeA* 

On the other hand, from Lemma \1. II it follows that for all x > 0, all vectors fcGi" with 



\(k, 7)| = tt, and all functions G H l (K) 



|||A«|0|| < C a \\\AW\ 



ki II (*i - i ^ )0 || < C2 1| |^ (1) | || 2 , 7 + 



zxe 



(43) 



where C 2 = C 2 (n, (7!) > 0. Given G if 1 (K), let us define the functions 

0(°)( x ) = <j> N e 2nl{N ' x \ (1) (x) = 0(x) - (f) {0) (x) } x G R n . 

NeA* :2tt\N\<2x 

Since G^k + ixe) > | G^(k + ixe) for all iV e A* with 2vr|iV| > 2x, from (g2} (where we 
put e*(x) = |A(x)| _1 v4(a;) if ^ 0, x G X) and flUJJ) (under the condition |(fc,7)| = tt) 
we derive 



E (*. 

i = i 



__ , d 

dxj 



<C 2 |||AW||| 2!7 ||G_VM|5 + 0W|| < (44) 



vfe II |A«| || 2 , 7 WL^W ■ WL^^W , ij,4>e H\K) . 

Lemma 3.1. For all x > 0, all vectors k G W 1 with \{k, j)\ = n, and all functions 
ip,<f) G H X (K), the estimates 

\{Af^^)\<C 2 \\\A^\\\ 2>1 ||G V2 (A; + zxe)^||-||G V2 (A; + zxe)0||, j = l,...,n, (45) 
hold, where C 2 = C 2 (n, I7I) is the constant from f|43l . 

Proof. For all £ G C with < Re£ < 1 (and for fixed x > and fc), define the operators 

%{C) = GZ lH AfGZ C , J = l,-..,n, 

D{n 3 {C)) = H l (K) C L 2 (K). From g3J) it follows that for all functions i/j, G ^(IT), 
the functions C 9 £ — > (if),7lj(Q<f>) are uniformly bounded for < Re£ < 1 and analytic 
for < Re£ < 1. Furthermore, 

1(^,^.(00)1 < c 2 |iiA (i) iik 7 \m-uw (46) 

if ReC = or ReC = 1. Hence estimates (gSJ hold for all C G C with < Re( < 1. In 
particular, for £ = | , inequalities (jlB"]) yield the inequalities 



|| {GZ^^AfGZ 112 0)|| < C 2 



2,7 



which imply inequalities (j45p for functions -0,0 G H 3 ^ 2 (K). Since the set H 3 ^ 2 (K) is 
dense in the Sobolev class H l (K), by continuity, estimates (|45[) are also valid for all 
functions ip, G H 1 ^). □ 
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By Lemma 13. 1\ it follows that 







3 = 1 3 



C 2 ||LA«||| 2)7 WG^W-Y^WG'J 2 (hi 



3=1 



< 



d 

dxj 



,(o)| 



< 



2nC 2 x\\ || 2 , 7 ||Gl /2 ^|| • ||Gy 2 (O) ll < 2nC 2 \\ \A™\ || 2j7 • ||£ 1/2 



(0)1 



This inequality and inequality ( jUj) imply that for all x > 0, all vectors fc G M n with 
|(fc, 7)| = 7r, and all functions »/),^ 6 H l (K), the following estimate holds: 



£ (4V, 



i = i 



_d_ 

dx. 



)<t>) 



< 



(47) 



(V3 + 2n)C 2 \\ \AW\ || 2 , 7 HL^^ + ixe)^!! • ||L 1/2 (A: + zxe 
By analogy with Lemma [3.11 using (143p . we obtain 



«V, 

3 = 1 



3=1 



< ^in^'iik, iil'/^ii • i|£ v vn 



(for all functions ip,(fi & H X (K)). The last inequality and (J4"T)) yield 

n d n d 

S ^ ^ &~ + fcj + **** ) ) + E ( H + fc i - ^ ) ) 



3 = 1 J 3 = 1 J 

2 (1 + >/3 + 2n) C 2 || || 2>7 IIL 1 /^!! • ||£ 1/2 0|| ■ 
We also have (see (USD) 



< (48) 



3 = 1 



< || L^HI -111^)10 || < 



(49) 



2,0 



|| |A«| || 2)7 ||C^|| • ||C_0|| < cl I) |A| || 2)7 || \A^\ || 2j7 iil 1 /^!! . iil^ii , 



3 = 1 



< lll^ (1) I^MII^ (1) 



< 



(50) 



C 2 2 II ||» 7 ||G_^|| • ||C_0|| < C 2 2 1) |A«| ||| 7 IIL^II ■ IILV^II , e H\K) . 

Since the number e > can be chosen arbitrarily small in the condition fT4Dl . we 
get from (|4ip and fj48|) . (j49|) . and fl50l) that it suffices to prove Theorem 11.31 only for the 
function A^°\ Indeed, it suffices to assume that the number e > obeys the condition 

2e{l + V3 + 2n) C 2 a + e(e + 2) C\ o 2 < ^ Ci 

and then replace |Ci by Ci. Therefore, in what follows, using the former notation 
A® = A we shall suppose that the magnetic potential A is a trigonometric polynomial. 
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Let ctj , j = 1, . . . ,n, be Hermitian M x M -matrices such that 

OLjdii + a{aj = 25jiI M , (51) 

where Im is the identity M x M -matrix and 5ji is the Kronecker delta. Such matrices 
exist for M = 2±i if n G 2N + 1, and for M = § + 1 if n G 2N. Let 

n d 

T>(A] k + ixe) = aj (— i — Aj + kj + ixej ) 

j = i Xj 

be the Dirac operator acting on L 2 (K,C M ) with the domain D(D(A;k + ixe)) = 
H\K\ C M ), fc G M n , x > 0. We have 

^ ^ ^ i ( dAi dA ■ \ 

V 2 (A; k + «xe) = if (A; k + «xe) <g> i M + - ^ ^ - J Sj-S, , (52) 

D(V 2 (A; k + ixe)) = D(H(A; k + ixe) <g> f M ) = # 2 (if; C M ) . 
For all vector functions G J? 1 (if; C M ), 

25(0; k + ixe)<p = V N (k; x) (j) N e 2m{N > x \ 
N e A* 

where 

n 

V N (k; x) = ( k j + 2jcN j + ixe i) «j > = (^ £j) > j = 1, • • • , n . 

j'=i 

In the following, we shall use the notation G± = G±(/c + ixe) = Gf <g> Im , C £ C (and 
G± = G l ± ); 

' H Rc ((K;C M ) if ReC > 0, 
L 2 {K;C M ) if Re C < . 

Let L = h(k + ixe) = G+ G_ , then L 1 ^ = t l l 2 {k + ixe) = G+ /2 G V2 . 
For all k G R™, all x > 0, and all N e A*, the inequalities 

G N {k; x) \\u\\ < \\V N (k; x)u\\ < G%(k; x) \\u\\ , u G C M , 

hold. Hence, for all vector functions G if 1 (i\";C M ), 

||G_0|| < ||l3(O;A; + *xe)0|| < ||G + 0||. 

For vectors e G S' n _2(e), define the orthogonal projections on C M : 

1 n n 

(fTi(Ew)(Ew)). 

J"=l J"=l 

We write e(y) = G 5 , „_ 2 (e) for vectors y G M™ with 7^ 0. 



D(Gi) 
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If k G R n , N G A*, and k± + 2nN ± ^ 0, then 

Pe%+2nN) ^v( fc 5 X ) ^k+^N) = ^/ (53) 

(where Om is the zero M x M -matrix) and, for all vectors u G C M (and all x > 0), 

\\V N (k; x)Pz% +2nN) u\\ = G%(k + zxe) \\P^ k+2wN) u\\ . (54) 

If k± + 2ttN± = 0, then G%(k + zxe) = G^{k + zxe) . 

Let £(7) be the set of vectors k e W 1 such that k± + 2nN_ L ^ for all N G A* ; 
^(7) = £(7) nffceR": |(fc, 7 ]| = tt}. 

Given k G £(7), denote by ? ± = P ± (fc;e) the orthogonal projections on L 2 (K] C M ): 

P^= £ ^ +2 ^)^ 2 ^, 0GL 2 (K;C^). 

2V eA* 

Since P + + P~ = I (where I is the identity operator on L 2 (K; C M )), from (153]) and fl54l 
it follows that 

||P ± P(0; fc + ixe)0|| = ||G T P T 0|| , 

||P(0; jfe + ixe)(f)\\ 2 = ||G_P-0|| 2 + ||G+P + 0|| 2 , G ^(K; C M ) . 

Theorem 3.1 (seepj). Let n > 3, a > 0, 6 G [0, 1), and R > 0. Suppose A G 
L 2 (f^; IR n ) ; v4 = and (/or toe magnetic potential A) the conditions (Ax) and (A 2 ) 
are satisfied for a vector 7 G A\{0} and a measure fi G DJlh , h > 0, and, moreover, 
II \A\ ||2,7 < a, 0(A,7,/i,jLt; A) < 6, and A N = /or a// vectors iVe A* mi/i 27r|Aj_| > P. 
Then there exists a constant C\ = C\ (n, A, |7|, h, ||ju||; a, B) G (0, 1) stzc/i toai /or every 
5 G (0,1) toere is a number a = a(Cx',S, R) G (0, Cx] such that for any a G (0,2] ; toe 
estimate 

||(P + + aP-)P(A;fc + ixe)0|| 2 > (1 - 5) || ( Ci G_ P~ + a G+ P+ ) || 2 (55) 

holds for all vectors k G ^(7), all vector functions (ft G H X (K;<C M ), and all sufficiently 
large numbers x > x > {where x depends on the number a but does not depend on k 
and 0) . 

Remark 5. In |46j . Theorem 13. II was formulated for the case a = 2. But in the proof 
of Theorem I3.1[ only upper bounds for the number a were used. Hence, Theorem 13.11 is 
also true for all a G (0,2] (nevertheless the number xo depends on the number a). 

Under the conditions of Theorem 13.11 instead of the vector 7 G A\{0} one can pick 
the vector —7 (without change of the basis vectors £j , j = 1, . . . , n). Then the following 
changes are to be made: e — > — e, k\\ — > —k\\ , k± — > k± , N\\ — > — iVy , Aj_ — > N± (for all 
k G K" and all N G A*). Furthermore, the numbers G^(k; x), the sets ^(7), and the 
vectors e(k+2TrN) do not change, but the orthogonal projections P + and P~ are replaced 
by the orthogonal projections P~ and P + , respectively. Therefore, for any a G (0,2] and 
for all vectors k G ^(7), all vector functions G P 1 (PJ;C M ), and all sufficiently large 
numbers x > xo > (where xo does not depend on k and 0), the estimate 

||(P- + aP + )V(A;k-ixe)<P\\ 2 > (1 - 5) || ( C?i G_ P+ + a G+ P~ ) || 2 (56) 
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is also valid. 

For vector functions G L 2 (K; C M ), we deduce from ( 155]) and ([55]) that 



P + + aP-)X?(A;fc + ixe) ( C{ 



" 1 ^" 1 P" + a- 1 G- 1 P + )(/»f > (1-5) ||0 || 2 (57) 



and 



||( P~ + aP + ) V(A; k - ixe) ( C{~ G_ P + a" G+ P~ ) || > (1 - 5) || T , (58) 

respectively. Since the norm of a bounded linear operator acting on the Hilbert space 
is equal to the norm of the adjoint operator, we get from the last estimate that for all 
G H\K; C M ) 

\\(C 1 - 1 G: 1 P + + a' 1 G- 1 P- )V(A; k + ixe) (P- + aP+)0|| 2 > (1 - 5) \\ <f) \\ 2 . (59) 
The following inequality is a direct consequence of ( 1571) and ( 1591 : 
||(Gr 1 P + + Cia- 1 G+ 1 p-)P 2 (A;A: + zxe)(G+ 1 P + + C'f 1 aGr 1 P")0|| > (60) 

> (1-5) || 4>eH\K-C M ). 

The inequality (1601 plays a key role in the proof of Theorem 11.31 

In the following, we assume that 8 — | . By ( 1571) and (15H1) . it follows that Ker T>(A; k + 
ixe) = Coker V(A; k + ixe) = {0}. Hence for the range of the operator V(A; k + ixe), 
we have R{V{A; k + ixe)) = L 2 (K; C M ). 

Let us denote 



dA, dA, 



dxj dxi 



aijOii 



The estimate 

n(n — 1) 



< 



2 7T 2 



Cf A a 



I 1 P+ B{A)C{ 1 aG; 1 p- 0|| < 



max 



G L 2 (K;C 



holds. We choose (and fix) a number a G (0,a] such that 
rcfo-l) | 7 | 2 ~_! 





dA l 




( max 


dx 3 - 


) 


\xeK, l+j 





Then there is a sufficiently large number xq > such that for all x > x$ , all k G ^(7), 
and all G L 2 (K; C M ) 

\\(GI 1 P + + C 1 a- 1 G- 1 p-)B(A)(G- 1 P + + C 1 - 1 aGl 1 p-) ( f ) \\ < ~ C x || || . 
Consequently, by ( 1521) and ( 1601 . it follows that 
||(Gr 1 P + + C x cT 1 G+ 1 P- ) (#(A; fc + ? xe) <g> T M ) ( G+ 1 P+ + Cf 1 a Gr 1 P~ ) || > 

1^11011, 0GP 1 (K;C A/ ). (61) 
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Since the choice of the matrices a,j , j — 1, . . . , n, is not specified, we can replace the 
matrix c?i by the matrix —Si (the commutation relations floTl) do not change under such 
replacement). Then the orthogonal projections P + and P~ substitute each other, and 
we obtain from floTj) that 

||( Gr 1 P~ + C\ cT 1 G+ 1 P + ) {H{A; k + ixe) ®T M )( G+ 1 P~ + C^ 1 aGZ 1 P + ) II > 

-5x11011, c^eH^K;^). (62) 

Inequalities (EH) and ( [62]) imply that Ker H (A; k + ixe) ®Im = Coker H (A; k+ixe) g) 
/ M = {0} and R(H(A; k + ixe) ® J M ) = £ 2 (^; C M ). Hence, 

Ker #(A; + ixe) = Coker H(A; k + ixe) = {0} 

(and D(H(A; k + ixe) = H 2 (K), R(H(A; k + ixe) = L 2 (K)). 
Now let us rewrite inequalities (ISTl) and ([62]) in the form 

||(G+P + + C7ia- 1 G_P") (# -1 (,4; A; + ixe) <g> T M ) (G_P + + (7f 1 a G+p-)0|| < 

2 Cf 1 || 0||, 0GP 1 (if;C M ), (63) 
||(G+P - + C ; ia" 1 G_P + )(P?" 1 (A;fc + ixe) ® f M ) (G_P~ + (5f 1 a G + P + )0|| < 

2 Cf 1 || 0||, (PeH\K;C M ). (64) 
For all C G C (and for fixed x > x , G ^(7), and a G (0, a]) define the operators 

Q(£) = (G+^((7ia- 1 )^GlP + + Gi(C ; ia- 1 ) 1 - c G w p-)x 

fc + ixe) ®T M )( G w (Cf 1 a) c C£ P + + g£ (Cf 1 a) ^ G+~ c P~ ) , 

D(Q(C)) = H\K;C M ) C L 2 (^;C M )- For all G H l {K;C M ), the function C3(^ 
Q(C)0 G L 2 {K;C M ) is uniformly bounded for < Re C < 1 (see ([63]) and fSD) and 
analytic for < Re ( < 1. If Re C = or Re C = 1, then ([63]) and QB3D imply that 

||Q(C)0|| < 2 Of 1 || 0||. (65) 

Therefore estimate ([65]) is true for all £ G C with < Re £ < 1. In particular, for £ = |, 
we have 

|| L 1 / 2 ^- 1 ^; A; + ixe) ®/m)£ 1/2 0|| < 2Cf 1 ||0||, G H 1 (K; G M ) , 
and hence for all x > xo , all k G ^(7), and all G H l (K) 

\\L 1/2 H~ 1 {A;k + ixe)L 1/2 (j)\\ < 2(7f 1 ||0||. 

Whence 

|| 2~ 1/2 ^(A; A; + ixe) 2~ 1/2 <^> || > - Ci || || , G H X {K) . (66) 

By continuity, the last estimate extends to all vectors k G W 1 with |(fc,7)| = 7T. Finally, 
let Ci = i Ci . Then estimate ([TO]) follows from ([66]) for all x > x$ , all vectors fcel™ 

with I (A;, 7) I = 7r, and all functions G H 2 (K). Since the set iP^iT) is dense in H\K) 
and the form k + ixe; -0, 0) is continuous in functions ip and from the Sobolev 

class H l (K), estimate ([TO]) is also valid for all functions G H X {K). This completes the 
proof of Theorem 11.31 
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